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Fourier Transform
» Forward transform (Analysis)

Flg} = ” g(x, y)exp| — j2@(fxx + fry)| dxdy.

— Qo0

» Inverse transform (Synthesis)

oo}

FYG} = H G(fx, fr)explj2m(fxx + fry)ldfxdfy.

— 00



Existence of Fourier Transform

» Sufficient (not necessary) conditions:
g absolute-integrable
g has finite discontinuities/max/min
g has no infinite discontinuities
» Bracewell:“physical possibility is a valid sufficient
condition for the existence of a transform”

Example: dirac-delta function



Fourier Transform as a Decomposition:
1D Case

» Linearity enables decomposition into sum of elementary
functions

» Fourier analysis is an example of such decomposition:

o(t) = f G(f)exp(j2m f1) df

Physical realization: pure harmonics

Weighting functions: complex G values



Fourier Transform as a Decomposition:
2D Case

» Elementary functions: 2D harmonics
» Frequency “pair”
Physical realization: plane waves

Spatial period: distance between zero phase lines (wavefronts)




Fourier Transform Theorems

» Linearity theorem

Flag + Bh} = aF{g} + BF{h}

» Similarity theorem

|
f{g(ax’ b.Y)} — labl G(J;X’ be)



Fourier Transform Theorems

» Shift theorem

Flg(x —a, y — b)} = G(fx, fr)expl—j2m(fxa + fyb)]
» Parseval’s theorem
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Fourier Transform Theorems

» Convolution theorem
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» Autocorrelation theorem

0

Fo f f o€ Mg E - xn—y dédnd = |Gk fr)P

— 00

J
oo

Fllg(x, y)I*} = ” G nG'(€ — fx,m— fr)dédn

— 00



Fourier Transform Theorems

» Fourier integral theorem

]:]-‘“l{g(x, y)} — f_l]:{g(X, .Y)} = g(x, y)



Separable Functions

» Rectangular coordinates

g(x,y) = gx(x) gy(y)

» Polar coordinates

g(r,0) = gr(r) ge(0)



Fourier Analysis of Separable Functions

» Rectangular
Calculation of 2D transform in terms of two |ID transforms

oo

Flg(x, y)} = J J g(x, y)exp[—j2w(fxx + fry)ldxdy

—00

oo oo

- j_ gx(x) exp[— j27 fxx] dx f gy(y) expl—j2m fyyldy

= Fx{gx}Frigr}.



Fourier Analysis of Separable Functions

» Polar
Not as simple

Useful cases: circularly symmetric functions

g(r,0) = gr(r)

Fourier-Bessel transform or Hankel transform of 0t order
Go(p $) = Golp) = 2 L rgr(JoQrp) dr

oC

gr(r) = 2 L pGo(p)Jo(2mrp)dp



Useful Functions

rect(x)

)
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| 0 otherwise 7 =5 o o5
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Rectangle function rect(x) = <

05

sINc(x)

05

sin(7r x)

mx RO RO

Sinc function sinc(x) =

Signum function sgn(x) =< 0 x =0




Useful Functions

A(x)

. . 1-|x| |x|=1
T f { A = 05
riangle function (x) { 0 otherwise
1 oor:b(x) | *
. A
Comb function comb(x) = Z o(x — n) ' l
n=-—o

B
Circle function circ(/x2 + y%) = 4 L /2+y2=1
0

otherwise.
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Fourier Transform Pairs

Transform pairs for some functions separable in
rectangular coordinates.

Function Transform

2 2
exp[—m(a’x’ + b’y?)] Ia_lb-l exp[—w(% + %’%)]

rect(ax) rect(by) ﬁ sinc( fy/a) sinc( fy/b)
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Local Spatial Frequency

» General function
g(x, y) = a(x, y)expljo(x, y)]

» Local spatial frequency pair defined as:

1 o 1 ¢
fIX 2770'lx¢(x' y) le 27Tﬁy¢(x’ y)
» Example:
g(x, y) = explj2m(fxx + fry)]
fix = 5= [2m(fxx + fry)] = fx
Siy = Lo 2m(fxx + fry)| = fr.

2 0y



Local Spatial Frequency

» Example: finite chirp
Local frequencies = 0 when magnitude=0

g(x )’) — exp[J'n'ﬁ(x + Yy )] rect(zLX)rect(%;)

X

fix = Bx rect(2L ) fiy = By rect(ﬁiy)
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1.2

-15 <10 -5 5 10 15f
X



Space-Frequency Localization

» Since the local spatial frequencies are bounded to
covering a rectangle of dimensions 2L, x 2L, we conclude
that the Fourier spectrum also limited to same
rectangular region.

In fact this is approximately true, but not exactly so.

[Glfx)!
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X

The spectrum of the finite chirp function,
Ly =10,8 = 1.



Linear Systems

» A convenient representation of a system is a
mathematical operator S{ }, which we imagine to operate
on input functions to produce output functions:

g2(x2’ y2) - S{gl(-xl’ yl)}

» Linear systems satisfy superposition

Slap(xy, y1) + bq(x1, y1)} = aS{p(x1, y1)} + bS{g(x1, y1)}



Linear Systems: Impulse Response

o ¢]

g1(x1, y1) = ” g1, m)o(x; — & y1 —m)dédn
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g2(x2, y2) = L g1(&, ) S{0(x) — & y1 — midédn

—00

Define: h(x2, y2;€,m) = S{6(x; — & y1 — 0}

Impulse
response

Then,  g5(xy, yp) = ” g1(&, m) h(x2, y2;€, m)dEdn

—Q0



Spatial Invariance: Transfer Function

» A linear imaging system is space-invariant if its impulse
response depends only on the x and y distances between
the excitation point and the response point such that:

h(xa, y2;€,m) = h(xa — &, y2 — m).

g2(x2, y2) = ” g1&, M h(xy — & y2 —m)dédn

g = 81 Qh Ga2(fx, fr) = H(fx, fr) Gi(fx, fr)



Fourier Transform as Eigen-
Decomposition

» Eigenfunction

Function that retains its original form up to a multiplicative
complex constant after passage through a system

Complex-exponential functions are the eigenfunctions of linear,
invariant systems.

» Eigenvalue
Weighting applied by the system to an eigenfunction input



Whittaker-Shannon Sampling Theorem
» Sampling

gs(x, y) = comb(%) comb(—;) g(x, y).




Whittaker-Shannon Sampling Theorem

» Spectrum

Gs(fx, fyr) = F1comb|= |comb{2 | ® G(fx, fv)

, Gs(fx.fy)
'x’:’,&\ \
"IIII' .:0 \"-’. ’,'0 ’“\
‘ . ~\\:\ '»/"o.e\;.".,,o,
Nl N‘\ il
-' Y O 0,
f 'm\\\::m\\'o NN
TN '5\\0‘ ” \,
..,u:h'!f.g‘.:.}:\r,"/t’l"':qq\ 1%? A\ ".‘\ "

ll".’“ /I "‘t‘ \'?
..,,




Whittaker-Shannon Sampling Theorem

» Exact recovery of a band-limited function can be achieved
from an appropriately spaced rectangular array of its
sampled values

1 1
< <
X = 7B and Yy < 2By

<. no m\ . n : ids
g(xy) = 2 2 g(ZBX’ 2By ) smc[ZBx (x E)] smc[ZBy ()’ E)]

n=—oom=—%




Space-Bandwidth Product

» Measure of complexity
Quality of optical system

M = 16LxLyBxBy

» Has an upper bound for Gaussian functions = 412



Basics of Scalar Diffraction Theory

» Refraction (Snell’s law) n | o
//
. BT
2 . 85
1

» Diffraction definition (Sommerfeld):

Any deviation of light rays from rectilinear paths which cannot
be interpreted as reflection or refraction

Screen with
pinhole

» Not penumbra effect

No bending of rays

Extended

source Penumbra



Huygens Theory of Light

» Point sources

Secondary
wavelets
L™ Envelope
(new wavefront)
Primary
wavefront™ .
Screen
4
Light source
| Observation
Na Aperture plane
/ | \

\\\\\“



Major Observations

» Interference (Young)
Light can add to darkness
» Wavelet interference (Fresnel)

Bright spot at the center of the shadow of an opaque disk
(Poisson’s spot)

» Maxwell equations —
VXE = vy

2 9E
x = £ —m—
VixXH em
V-e£ =0

V-uH = 0.
» Rayleigh-Sommerfeld diffraction theory




Assumptions about Medium

» Linear
» Isotropic
independent of direction of polarization
» Homogeneous
Constant permittivity
» Non-dispersive

Permittivity is independent of wavelength



Scalar Wave Equation

2¢ —
Ve c? Ot? 0
2 929
2" n 07 H .
V'H c2 Ot? 0
n? %u(P,t
V2u(Pt) — 5 (9(t2 ) 0,




Validity of Scalar Theory

» Aperture is large compared to wavelength

Comparison to lumped circuit components

» Observations are sufficiently far away from the aperture
(many wavelengths)



Helmholtz Equation

» Plug monochromatic wave into scalar wave equation:

u(P,t) = Re{U(P) exp(— j2mvt)},

(V2 + kKU = 0.

» Here wave number

k = 2mn

27
A

o |



Plane Waves

» Eigenfunctions of propagation

p(x, y, z, t) = eXP[J(k r— 27Tvt)]
T (% + By + ’YZ) ,

» Plane wave at z=0 K

COS”1 o

cos'ly

explj27(fxx+ fry)l y

cos 13
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a=Ax B=Af v=J1-QAK2—-Af)




Angular Spectrum

» 2D Fourier transform of aperture

oo

A(fx, fr;0) = H U(x, y, 0)expl— j2m(fxx + fry)ldxdy.

— Q0

U(x,y,0) = H A(fx, fr;0)explj2m(fxx + fry)ldfx dfy.

» Angular spectrum
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Propagation of Angular Spectrum

A(i, f\g;z) = A((;, f\g;O)exp(—uZ)




Propagation as a Linear Spatial Filter

» Free space propagation transfer function

-

H(fx, fy) = { &XP []’277;2{ JI=AKP—QA/FP| JfE+ <3

0 otherwise.

~

a=Afx B =Afy

Input Angular Propagation Transfer Output Angular
Spectrum at z=0 Function Spectrum at z




Fresnel Approximation

» Paraxial (near field) approximation

2 2
\/1 AA) —(f)f =1- ()téx) = (AJ;Y) ;

H(fx, fr) = e/*? exp[—- ijz(f,? 4 fyz)].

et Tjk( 2. 2\
h(x,y) = — =— (x* + y*)|.
(%) = 37 €%P| 3, (x y )




Fraunhofer Approximation
» Far field approximation

k(fz + le)max

7 =
2

o0

” U, n)eXP[—j%\—Z(x§ +yn) | dédn.

— oG

eIkZ o) 3 (X +?)
JAZ

U(x, y) =

» Field = 7{ Aperture }




Examples

» Rectangular aperture

» Circular aperture




Generalized Model of Imaging Systems

» To specify the properties of the lens system, we adopt the
point of view that all imaging elements may be lumped
into a single "black box*

Significant properties of the system can be completely
described by specifying only the terminal properties of the
aggregate.

Entrance  Exit

‘TI | y /‘?il pupilyx ‘;. |
/4 / ///

Object "Black box" Image




Generalized Model of Imaging Systems

» Two points of view that regard image resolution as being
» limited by:
A) the finite entrance pupil seen from the object space or

B) the finite exit pupil seen from the image space

» are entirely equivalent, due to the fact that these two
pupils are images of each other.

Entrance  Exit

“11 g , ‘;yil pupily | y
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The Amplitude Transfer Function (ATF)

» Defined for coherent imaging systems as the Fourier
transform of the space-invariant amplitude impulse
response H,

Input Ge(fx, fr) = || Ug(u, v)expl— j2m(fxu + frv)ldudv

Output  Gi(fx. fy) = || Uilw v)expl—j2m(fxu + fyv)]dudv.

H(fx, fr) = || h(w v) exp[—j27(fxu + fyv)]dudv.

%8&&'8 évﬁ'S

. | |
Gi(fx, fr) = H(fx, fr) Ge(fx, fr)- C =

plane

» It represents Fraunhofer diffraction and can be expressed
as a scaled Fourier transform of the pupil function

H(fx, fr) = P(Azifx, AzZi fy).




Amplitude Transfer Function Examples

» Frequency response of diffraction-limited coherent
imaging systems with square (width 2w) and circular
(diameter 2w) pupils

- X y
P(x, y) = rect (zw)rect (2w)

Jx2+y)

P(x,y) = cnrc(




The Optical Transfer Function (OTF)

» Defined for incoherent imaging systems
Such systems obey the intensity convolution integral:

Ii(w,v) = j [ (e — &0 — D 1€ 7)dE a7

Normalized frequency responses of input and output given as:

M L(u, v) exp[— j2m(fxu + fyrv)ldudv I 1w, v)expl=j2m(fxu + fyv)ldudv
Ge(fx, fr) = — ~ Gifx, fr) = — -
[[ Ig(u, v)dudv || Ti(u, v)dudv

-0
-0

(T hu, o) expl— j2m(fxu + fyv)] dudv

Hef foy= =2 o Gilfx fr) = H(Sfx, fr) Ge(fx, fr).

w0

[ A, v)[? du dv

—00

Function Z4s known as the optical transfer function (OTF) of the
system. Its modulus |#/| is known as the modulation transfer
function (MTF)




Relationship Between ATF and OTF

» It can be shown that:

oC

([H(p+ % q+%)H (p-%.q-%)dpdg
H(fx, fr) = —

Q0

[[ |H(p, q)|* dpdgq

— 00

» Thus the OTF is the normalized autocorrelation function
of the amplitude transfer function!



Optical Transfer Function Examples

» Consider the Frequency response of diffraction-limited
incoherent imaging systems with square (width 2w) and

circular (diameter 2w) pupils B g
! o ;
— X y éw - % o
P(x, y) = rect (ﬁ)rect (Z_v;) Azl ,
/ 2+ 2 :llf—xl- 0.5
P(x,y) = circ( xw > )

A Kx fr %
AMAYARRS =Ny
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MTF in Computed Tomography

» Spatial Resolution of CT is defined using MTF

» MTF defines the frequency domain relationship between the
original and the reconstructed image in the presence of noise,
and determines the ability of the scanner to capture rapidly
changing attenuation coefficients in the object

» Spatial resolution is often defined in terms of the cut-off
frequency of one-dimensional transfer function, i.e. the value at
which the function MTF(f) drops to the 50, 10 or 2% level

» Measured using special phantom: impulse response

MTF(f)
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Exercise
» Solve problems: 2.1,2.6,2.10,2.11,2.13,3.5,4.7,4.9,4.10

» Report a typical MTF of a medical imaging modality of your choice



