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Analysis of 2D Signals and
[Systems

Basic concepts

o Linear systems

Space invariance
Linear transformations
Fourier analysis
Sampling
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[Fourier Transform

Forward transtorm (Analysis)

Flgh = f f o(x, y)exp| — j2m(fxx + fyy)] dxdy.
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Inverse transform (Synthesis)
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FYG} = ” G(fx, fr)explj2m(fxx + fry)ldfx dfy.
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Existence of Fouriler
[Transform

Sufficient (not necessary) conditions:
o @ absolute-integrable

o @ has finite discontinuities/max/min
o @ has no infinite discontinuities
Bracewell: “physical possibility is a
valid sufficient condition for the
existence of a transform”

o Example: dirac-delta function



Fourier Transform as a
[Decomposition: 1D Case

Linearity enables decomposition into
sum of elementary functions

Fourier analysis Is an example of such
decomposition:

0.0

¢ = | G(prexp(izmsndf

o Physical realization: pure harmonics
o Weighting functions: complex G values



Fourier Transform as a
[Decomposition: 2D Case

Elementary functions: 2D harmonics
Frequency “pair”
o Physical realization: plane waves

o Spatial period: distance between zero
phase lines (wavefronts)
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[Fourier Transform Theorems

Linearity theorem
Flag + Bht = aF{gt + BFi{h}

Similarity theorem

|
}—{g(ax’ by)} — Iabl G(]Z(’ J;Y)



[Fourier Transform Theorems

Shift theorem

Flg(x —a, y — b)} = G(fx, fr)expl—j2w(fxa + fyb)]

Parseval’s theorem
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[Fourier Transform Theorems

Convolution theorem
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[Fourier Transform Theorems

Fourier integral theorem

FF Hglx p} = F Flgx, y)} = g(x, y)



[Separable Functions

Rectangular coordinates

g(x,y) = gx(x) gy(y)

Polar coordinates

g(r,0) = gr(r) ge(0)



Fourier Analysis of
[Separable Functions

Rectangular

Calculation of 2D transform in terms of
two 1D transforms

o0}

Fla(x, y)} = f j o(x, y)expl— j2m(fxx + fyy)ldxdy
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= f_ gx(x) exp[— j2m fxx] dx f gr(y) expl—j27 fryldy

= Fx{gx}Frigr}



Fourier Analysis of
[Separable Functions

Polar
Not as simple
Useful cases: circularly symmetric functions
g(r,0) = ggr(r)

Fourier-Bessel transform or Hankel

transform of Oth order
r-oo
Go(p’ d)) = Go(p) = 2 0 rgR(r)J0(27Trp) dr

o0

¢r(r) = 2m fo 0Go(p)Jo(2mrp)dp



Useful Functions

rect(x)

[ 1
Rectangle function rect(x) = < % x| = .5_
L0

05

otherwise 7+ =5 o o5 i

X
SINC(X)
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sin( 7 x)

Sinc function sinc(x) = - o~ S~
x .

Signum function sgn(x) =<0 x=0 .




Useful Functions

Triangle function A(x) = { (1) = |

Comb function

x| =1
otherwise

A(X)

B
Circle function circ(/x2 + y?) = 4 Lo /2+yr=1
0 2
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otherwise.




Fourier Transform Pairs

Transform pairs for some functions separable in
rectangular coordmates

Functlon Transform

exp[—m(a®x* + b*y?)] | 1b| exp|: (fx + i’; )]

rect(ax) rect(by) m—lbi sinc( fx/a) sinc( fy/b)
Alax) A(by) ﬁ sinc®( fx/a) sinc?(fy/b)
1
6(ax, by) m
expljm(ax + by)] 8(fx —al2, fy — bl2)
ab 1 1

sgn(ax) sgn(by) m m 1_1??;

|al_b| comb( fx/a) comb( fy/b)

expljm(a*x* + b*y*)] |a_1;)| exp[—j'n (— + %):1

comb(ax) comb(by)
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lab] T+ Q7 fxlay 1+ Qmfylb)?

exp[—(alx| + b|y))]




Fourier-Bessel Example Pair

f 1 2 < 1 ci:c(r)
circ(r) =< 5 r=1 2
L0 otherwise 1 4
: 1 2mp 7 A
B{CII'C(I’)} = r’JO(r’) dr' = 1(47TP)

27Tp2 0 p




[Local Spatial Frequency

General function

g(x, y) = a(x, y)expljo(x, y)]
Local spatial frequency pair defined as:

| 1 ¢
Jix = é,xcb(x, ) fir = 5 aycz‘)(x, y)
Examplcle ag(x y) = explj27(fxx + fry)]
fix = A Ay 27 (fxx + fry)] = fx

fir = -2—1—-——65;——[277(fxx+ fry)] = fr.



[Local Spatial Frequency

Example: finite chirp
Local frequencies = 0 when magnitude=0

g(x, y) = exp[jmB(x* + )] rect(ZLX)rect(zzy)




Space-Frequency

[Localization
Since the local spatial
frequencies are bounded to
covering a rectangle of
dimensions 2L, X 2L, we
conclude that the Fourier ‘
spectrum also limitedto == s+ 7w =,

IG(fy)!

The spectrum of the finite chirp function,

same rectangular region.  u-ws-1

o In fact this is approximately
true, but not exactly so.



[Linear Systems

A convenient representation of a
system Is a mathematical operator ${ },
which we imagine to operate on input
functions to produce output functions:

g2(x2, y2) = S1g1(x1, ¥1)}

Linear systems satisfy superposition
Slap(x1, y1) + bg(x1, y1)} = aS{p(x1, y1)} + bS{q(x1, y1)}



Linear Systems:
[Impulse Response
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g10x1, y1) = f f €M) 8(x1 — & yi — m)dEdn
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Impulse

Define: h(x2, y2;¢, 7’2 = S10(x1 =& 31— )} response

Then1 g2(x2’ y2) — Jj gl(§’ 77) h(-x2’ y2;§’ 77) d§ dT’
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Spatial Invariance:
[Transfer Function

A linear imaging system is space-
Invariant If its impulse response
depends only on the x and y distances
between the excitation point and the
response point such that:

h(xy, y2;€,m) = h(xa — & y2 — ).

g2(x2, y2) = ” gi&, mMh(xy — & y2 —m)dédn

—00

g2 = gl ®h G2(fX! fY) - H(fX’ fY)Gl(fX’ fY)



Fourier Transform as
[Eigendecomposition

Eigenfunction

o Function that retains its original form up to
a multiplicative complex constant after
passage through a system

o Complex-exponential functions are the
eigenfunctions of linear, invariant systems.
Eigenvalue

o Weighting applied by the system to an
eigenfunction input



Whittaker-Shannon
[Sampling Theorem

Sampling

gs(x,y) = comb(%) comb(%) g(x, y).
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Whittaker-Shannon
Sampling Theorem

Spectrum

G.(fx, fr) = F1comb % comb % ® G(fx, fr)
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Whittaker-Shannon
[Sampling Theorem

Exact recovery of a bandlimited
function can be achieved from an
appropriately spaced rectangular array
of its sampled values

| |
X= — -
3By and Y 2B,

. n . :
g(x, y) = Z ng (ZBX’ 2;;:) smc{ZBX (x — ﬂ’;;)] smc{ZBy ()’ - 2%;)]

n=-—om=-—




[Space-Bandwidth Product

Measure of complexity
o Quality of optical system
M = 16LxLyBxBy

Has an upper bound for Gaussian
functions = 4nr?



[Problem Assignments

Problems: 2.1, 2.6, 2.10, 2.11, 2.13



